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Coordinating Human-Robot Teams with Dynamic and Stochastic
Task Proficiencies

RUISEN LIU*, MANISHA NATARAJAN*, and MATTHEW C. GOMBOLAY, Georgia Institute
of Technology

As robots become ubiquitous in the workforce, it is essential that human-robot collaboration be both intuitive and adaptive. A
robot’s ability to coordinate team activities improves based on its ability to infer and reason about the dynamic (i.e., the “learning
curve”) and stochastic task performance of its human counterparts. We introduce a novel resource coordination algorithm that
enables robots to schedule team activities by 1) actively characterizing the task performance of their human teammates and 2)
ensuring the schedule is robust to temporal constraints given this characterization. We first validate our modeling assumptions
via user study. From this user study, we create a data-driven prior distribution over human task performance for our virtual
and physical evaluations of human-robot teaming. Second, we show that our methods are scalable and produce high-quality
schedules. Third, we conduct a between-subjects experiment (n=90) to assess the effects on a human-robot team of a robot
scheduler actively exploring the humans’ task proficiency. Our results indicate that human-robot working alliance (𝑝 < 0.001)
and human performance (𝑝 = 0.00359) are maximized when the robot dedicates more time to exploring the capabilities of
human teammates.
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computing→ Empirical studies in HCI; HCI theory, concepts and models.
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1 INTRODUCTION
Advancements in robotics have opened opportunities for humans and robots to collaborate within joint workspaces,
particularly in final assembly manufacturing. Effective collaboration requires coordination and utilizing the distinct
abilities of each team member. A human-robot team should be able to leverage its unique capabilities to achieve
safe, effective, and fluent coordination. As the Internet of Things (IoT) and collaborative robots become ubiquitous,
we have the first opportunity to capture and explicitly reason about this uncertainty to develop high-quality, ad hoc
teaming mechanisms in which robots can learn the relative strengths of their human counterparts to efficiently seek
and reason about the best team composition and task assignment.

Robots may excel at repeating certain tasks, while humans typically have latent, dynamic, and task-specific
(i.e., a "learning curve") proficiencies. However, enabling a robot to infer human strengths and weaknesses while
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Fig. 1. This figure depicts the workspace of our human subject experiment.

ensuring that the team satisfies requisite scheduling constraints is challenging. First, humans naturally exhibit
variability in task performance, driven by variance or error in task execution behavior. This variability introduces
uncertainty in estimating relative task performance while planning to meet individual tasks and joint task deadlines.
Second, human task performance also exhibits time-extended variability due to learning effects with practice,
resulting in uncertainty on future performance in a finite horizon. Although we may expect an individual to improve
at a task over time, estimating the short and long-term horizon in comparative efficiency by committing a particular
agent to repeat a task is challenging [59]. Third, a lack of consideration for human preferences and perceived
equality may, in the long run, put efficient behavior and fluent coordination at a contradiction [29, 32].

While a human-centered approach may be able to determine ideal task assignments while balancing efficiency
and preference, it is also a tedious, manual process. For example, a new assembly line may not reach peak
performance until six months of ramping up during which human workers are honing their skills and adjusting
team roles. Another example of a setting where an automated, predictive approach would be helpful is in seasonal
manufacturing, where temporary workers must be quickly yet optimally assigned in a narrow window of opportunity
to fulfill task demands. Effectively, an automated, predictive approach requires 1) means to estimate the efficiency
and robustness of any possible assignment for human agent-task combinations and 2) mechanism to trade-off the
value of trying out new task assignments to actively learn more about the latent characteristics of different human
workers versus maintaining the status quo (i.e., exploiting the estimation of future human proficiency with current
assignments). We desire a scalable algorithmic approach that can factor in the stochasticity of human behavior for
fluent human-robot teaming.

Recent advances in scheduling methods for human-robot teams have shown a significant improvement in the
ability to dynamically coordinate large-scale teams in final assembly manufacturing [31, 33, 54]. Prior approaches
typically rely on an assumption of deterministic or set-bounded uncertainty for each worker-task assignment
in perpetuity. However, by reasoning myopically, these methods fall short in explicitly reasoning about the
uncertainty dynamics in human work that could result in significant productivity gains. Given these limiting
modeling assumptions, these methods are unable to give guarantees – probabilistic or otherwise – of satisfying
the upper- and lower-bound temporal constraints in the presence of this uncertainty. Without such probabilistic
guarantees, we cannot bound the uncertainty of a schedule and guarantee a consistent range of resulting behavior.
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In this paper, we formulate a novel, human-aware, computational method for scheduling human-robot teams
that synthesizes robust schedules while adapting to the characteristic behavior of participants as they learn skills
while following a schedule. Our approach considers the distinct problem of dynamic uncertainty attributed to the
human ability to improve at tasks through repeated practice. In particular, we develop a framework in which a robot
reasons about the strengths of its teammates by trying out novel, possibly sub-optimal allocations of work, while
still providing a probabilistic guarantee on satisfying the temporal requirements of the manufacturing process.

To accomplish successful human-robot interation (HRI) and collaboration with improved performance and
team alliance, we develop computational methods to determine high-quality schedules and adaptions to human
performance, with contributions that 1) infer dynamic characteristics about individual human performance and their
ability to learn on the task, leading to improved efficiency in task allocation, and 2) enable an efficient computation
method for evaluating the robustness of candidate schedules with respect to deadlines, which enables 3) a fast
optimization algorithm for iterative improvement of human-robot schedules based on observed progress. To the
best of our knowledge, our approach is the first to reason explicitly about risk allocation with respect to deadlines
while also tackling dynamic uncertainty and projecting human learning capability.

In addition, we show our approach to task scheduling also yields qualitative improvements in human-robot
teaming. Prior work has shown that switching tasks among team members can lead to greater efficiency and
generalizability to new task variants [53, 58]. Further, the effectiveness of human-robot collaboration relies heavily
on building trust and team fluency among teammates [17, 31, 68]. However, these works have not considered the
significantly more challenging problem of robust coordination of human-robot teams under temporal upper- and
lower-bound constraints with time-varying stochastic task proficiency. Our work seeks to improve human-robot
teaming while optimizing for efficiency during scheduling with probabilistic guarantees of meeting temporal
deadlines. To demonstrate simultaneous improvements in both areas, we design and conduct an experiment to
evaluate trade-offs in exploration-versus-exploitation for maximizing overall team performance while also inferring
how trust and human-robot team alliance varies as a function of the degree of exploration.

Our paper provides the following contributions:
1. We create a data set of human task proficiency to build stochastic models of learning rates and task durations

(𝑝 < 0.05) characterizing human task performance.
2. We leverage these models to enable a fast computation method for a tight upper-bound for schedule duration.
3. We derive an adaptive update mechanism to predict each individual’s future task performance.
4. We show these individual components enable evolutionary search as a viable method for real-time schedule

exploration and optimization in simulation. Our approach results in aggregate makespan improvements of
44.8 ± 6.4% and 18.9 ± 5.5% for 20 and 50 interdependent tasks respectively, relative to our baseline.

5. We conduct a human-subject experiment (𝑛 = 90) in an analogue manufacturing setting that yielded
statistically significant improvements for human-robot team alliance (𝑝 = 0.01) and in human performance
with regards to task completion times (𝑝 = 0.0035) when consistently factoring task diversity over more
myopic approaches.

2 BACKGROUND
In this section, we discuss existing work at the intersection of human-robot teaming and schedule optimization.
First, we cover desirable behavioral characteristics of human-robot teaming, and how such criterion have been
explored in task allocation and teaming thus far. Then we examine approaches to schedule optimization under
uncertainty, and the limitation of existing model formulations in translating such approaches to human-robot
scheduling. We summarize the intersection of our work across human-robot team coordination facets compared to
others in Table 1.
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Team Fluency Physical HRI
Experiment

Human
Performance
Estimation

Temporal
Constraints

Scalable
Real-Time
Scheduling

Our Approach ✓ ✓ ✓ ✓ ✓
Claure et al., 2019 ✓ ✓
Chen et al., 2018 ✓ ✓
Gombolay et al., 2018 ✓ ✓ ✓
Rahman & Wang, 2018 ✓ ✓
Tsarouchi et al., 2017 ✓ ✓
Huang et al., 2015 ✓ ✓
Nunes & Gini, 2015 ✓ ✓

Table 1. This table provides a summary of facets found in recent work in human-robot team coordination.

2.1 Characteristics of Human-Robot Teaming
For collaborative human-robot teams, scheduling requires reasoning about explicit and implicit preferences by
human teammates [31, 61, 74]. In addition, team fluency and trust are important elements to evaluate and maximize
during collaboration of human-robot teams [15, 39, 40]. Our objective is to consider a robot agent as the primary
source of decision making in order to formulate a schedule. In addition to the heuristic driven challenges posed in
Section 1, Gombolay et al. [31] found in a study of human-robot teams that while people inherently value human
teammates more than robotic ones, providing robots with authority over team coordination resulted in objective
improvements in efficiency and also perceived team fluency. The improvement in efficiency likely resulted due to
increased tendencies for humans to assign a disproportionate amount of work to themselves rather than allocating
to a robot. In addition, such designation of authority resulted in increased perceived value of robotic teammates,
and positive correlations in team fluency and a human subject’s willingness to collaborate with robots. Direct
delegation can help provide team cohesiveness, as an intermediate robot liaison may hinder perceived human team
member inclusion [65].

Groom and Naas [37] list traits for successful human-robot teammates which include sharing a common objective,
comprehending and fulfilling each other’s roles, and trust. Further, they provide examples of several user studies
in human-robot interaction to establish people’s trust in robots as a crucial factor in determining the success of
the human-robot team. Trust between humans is different from human-robot trust as humans perceive automated
systems and robots to be more credible and are hence much more sensitive to errors in such systems [48]. Prior
studies have shown that user’s trust in robots is dependent on several factors such as task performance [60], user
experience [80], and rate of failure [23, 63].

Previous literature also suggests that an integrated and proactive approach to human-robot interaction would be
received well by human teammates. Shah et al. [68] designed Chaski, a robot plan execution system that chooses
and schedules the robot’s actions to adapt to the human partner, and mininizes the partner’s idle time. Chao and
Thomaz [15] designed a system based on timed Petri Nets for multimodal turn-taking and joint action meshing.
Their corresponding human subject study found that participants who assigned to the "interruption" condition rated
their interaction as more natural when working in human robot teams. In a study on human-robot collaboration in a
joint workspace via handovers, Huang et al. [40] designated proactive and reactive coordination strategies to enable
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a robot to adapt to a human receiver’s requirements. It was found that a proactive approach to adaptation lead to the
greatest levels of team performance and user experience.

2.2 From Task Allocation to Scheduling on Human-Robot Teams
We define the primary distinction between task allocation and scheduling as the inclusion of inter-agent temporal,
precedence, and synchronization constraints [45]. A key contribution of our work in schedule optimization technique
is missing a built-in process to reason about changing human capabilities, and thus constraints, over time. Effective
teaming requires robots to interact and generate human-aware behaviors while planning [78]. Some frameworks
formulate objectives for multiple additional criteria, such as fatigue, quality, cycle time, and fairness, but do not
explicitly target optimization for the duration of a schedule [18, 19]. Kwon and Suh [46] abstract the challenge
of schedule optimization to one of maintaining proactive robot behavior in the face of uncertainty. Gombolay et
al. [32] found that humans would prefer to work with robots that factor in their preferences, but not necessarily so
if at the expense of team. In addition, they found that providing robots authority on team coordination strongly
improved the perceived value of these agents.

Claure et al. [19] shows that fairness is a significant factor for ideal task allocation, fairness, where fairness was
defined as constraining the minimum rate of human teammate being selected. Claure et al. also factor in the relative
difference of human skill level in the distribution of resources for virtual computer-based tasks. However, this
work does not consider time-extended scheduling with upper- and lower-bound temporal constraints and inter-task
dependencies. Further, this work does not seek to explicitly infer a model of the probability distribution over
humans’ task completion times [55].

Prior work for coordinating human-robot teams primarily focuses on discerning behavior that maximizes ideal
behavioral traits for human-robot teaming without factoring in the challenges of robust schedule optimization,
especially under temporal upper- and lower-bound constraints with heterogeneous time-varying human task
proficiency. Our work looks to generate fluent human-robot teaming while simultaneously optimizing for efficiency
during scheduling with probabilistic guarantees for meeting scheduling deadlines. As such, we propose modifications
to chance-constrained scheduling approaches that can handle risk distribution for a large number of tasks and
leverage information provided by the team of agents, and proactively adjust the schedule to fit expectations.

2.3 Robust Multi-agent Schedule Optimization
Traditional scheduling methods apply a deterministic approach, with numerical values representing the estimated
duration of tasks [33, 54]. These operate under the assumption that the optimization problem is aiming at joint
coordination of multiple machines or vehicles that are brought together [55]. Classic examples of multi-agent task
allocation include truck dispatching, job shop scheduling, and transit routing [2, 21, 49].

Simple Temporal Networks (STNs) are commonly used as models for optimization of multi-agent problems [3],
15]. These models are popular because their constraints can be validated in polynomial time [20, 56, 79]. STNs admit
at most one interval constraint on any pair of time intervals, with a default assumption of deterministic estimate on
task duration. By nature, human beings are not deterministic and such approaches fail to adequately characterize
human preferences and behavior. In many real-world applications, such an assumption is also incompatible with
a notion of uncertainty with respect to the duration of each task [13]. Extensions on STNs have been used to
include uncertainty sets for multi-agent problems [8, 9, 41]. However, few extensions actually model uncertainty as
probabilities [28, 73]. In addition, although these methods reason about set-bounded uncertainty, they do not reason
about the model or people behind the uncertainty set [22]. Instead, they define a hard upper bound for the output.

Alternatively, there exists decentralized methods for scheduling, where methods for task allocation with temporal
constraints via auctioning [24, 51]. However auctioning only considers the iterative sale of tasks and can be
considered a reactive approach [38, 72] reasoning about uncertainty. Typically, these approaches allocate one task
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at a time to a team of agents [44, 47]. As a result, these methods are not well suited for proactive reasoning about
uncertainty through parametric estimation of agent capabilities.

Other approaches seek to reason about a parametric model for the uncertainty set. These proactive approaches
seek to reason about the robustness of uncertainty sets, which define the set of possible values generated by a
model [35, 62]. Robust optimization techniques look to satisfy all constraints based on some measure of robustness
[35]. A probabilistic approach is commonly accepted in methods for robust analysis [4, 12, 43, 70] and synthesis
[75–77]. Robust synthesis seeks to find a feasible or optimal solution by introducing multipliers or scaling variables
to enable formulation relaxation [6, 26, 64].

However, these type of relaxations present a computational challenge, as the compute time of a mixed-integer
linear program (MILP) solver grows exponentially with respect to the number of tasks and agents [34]. As the
number of potential agent-task combinations grows to large-scale real-world settings, such approaches become
computationally intractable. It is often found that synthesis require a large number of samples in order to achieve
the desired probabilistic guarantee [75, 76]. Although model parameterization may help alleviate sampling costs,
there exists an inherent trade-off between sampling requirements and conservative relaxation. Linear optimization
models for the uncertainty set lead to too conservative bounds, while non-linear models led to too expensive
computation costs [5, 25, 69].

Chance-constrained programming, also known as probabilistic constrained programming, is a separate
optimization approach that guarantees the probability of meeting a set of constraints to be greater than 1 −
𝜖 [16]. A logical step for scheduling problems with multiple, sequential constraints is to consider the joint
satisfaction of constraints by distribution of the risk, 𝜖, for the overall scheduling problem amongst the various
constraints [11, 50, 52]. Yet application of existing chance-constrained approaches towards scheduling distributes
risk-satisfaction over 𝑂 (𝑛) individual tasks, resulting in high conservatism as well.

Soyster et al. sought to define a linear optimization model to construct a feasible solution to convex data
optimization problems but resulted in too conservative of an approach [69]. Improvements on this approach [69]
used ellipsoid models for the uncertainty set, which minimized conservatism but led to nonlinear and non-convex
models with expensive computation [5, 25]. Subsequently, Γ-Robust optimization was proposed to preserve
Soyster’s linear framework for cheaper computation, but achieved equivalent bounds, specifically for sums of
symmetrically distributed random variables [7]. In Γ-Robust optimization, at most, Γ entries will deviate from their
expected value [7].

Evolutionary-based search approaches were also considered for generating estimates for robustness, within the
context of process scheduling for individual machines. One approach estimated the robustness of the schedule
based on the efficiency of viable schedules in the local neighborhood of the initial candidate schedule [42]. Other
approaches sought to find solutions that were robust to processing disruptions and variable processing times [14, 67].
These approaches offer alternative routes to evaluating robustness without computing the uncertainty set and avoid
the trade-off problem between sample-requirements and excessive conservatism. However the consequence of not
explicitly evaluating the uncertainty set is an inability to provide a theoretic guarantee to robustness.

Our work draws across disciplines to revisit the sample cost and conservatism trade-off while providing means
for fluent exploration and quick discovery of latent proficiency for human task execution in tightly temporally
constrained schedules. We introduce a new upper bound mechanism for schedule makespans that limits conservatism
without high sample requirements to develop an 𝑎 𝑝𝑟𝑖𝑜𝑟𝑖 model for expected task duration. We then adapt methods
from control theory to provide quick and precise updates to estimates of individual task proficiency, within
the flow of repeated schedule optimization. Finally, we show how these methods can be combined within a
evolutionary-based search method to enable efficient schedule optimization while improving human-robot team
fluency in a user study.
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3 PROBLEM FORMULATION
We formulate our objective function to minimize the latest finish time of all tasks in the schedule (i.e. the makespan)
while penalizing a schedule based on the number of repetitions for agent-to-task assignment combinations (entropy)
as a means to actively learn and explore latent human task proficiency. We explicitly reason about each human
and robot’s individual strengths and weaknesses in task completion and ensure that natural variability in human
performance is accounted for to provide a probabilistic guarantee for meeting all task deadlines. Our objective
function is subject to time-based constraints related to probabilistic task completion times, waits, upper- (deadlines)
and lower- (i.e. wait constraints) bound temporal constraints.

Let us consider schedule optimization after 𝑛𝑠 rounds of schedule implementation. Let 𝑛𝑡 denote the number
of tasks and 𝑛𝑎 denote the number of agents. Let 𝜏𝑖 denote the 𝑖𝑡ℎ task. Let 𝑥𝑖, 𝑗 denote the relative order of tasks.
Let 𝜏𝑠𝑖 , 𝜏

𝑓

𝑖
denote the start and finish times of each task. Let 𝐴𝑎

𝑖 be a binary variable indicating the assignment of
agent 𝑎 ∈ 𝐴 iteration of task 𝜏𝑖 . Let 𝑟𝑎,𝑛

𝑖
be the number of repetitions that agent 𝑎 has completed for task 𝜏𝑖 in the

past 𝑛𝑠 rounds. Let 𝑃𝐷𝐹𝑖,𝑎,𝑛 denote the probability distribution function for the duration of a task 𝜏𝑖 conditional of
the number of task repetitions (𝑛) the assigned agent (𝑎) has performed thus far. Additional let us denote 𝑃𝐷𝐹

𝜏
𝑓

𝑖

as the probability distribution function for the finish time of task 𝜏𝑖 when following the schedule. We define the
corresponding cumulative distribution functions as 𝐶𝐷𝐹𝑖,𝑎,𝑛 and 𝐶𝐷𝐹

𝜏
𝑓

𝑖

accordingly.

min 𝑧 = 𝑧1 + _𝑧2 (1)

𝑧1 = max
𝜏𝑖 ∈𝜏

𝜏
𝑓

𝑖
(2)

𝑧2 =
1

𝑛𝑡𝑛𝑎

∑
𝜏𝑖

[∑
𝑎

|
(
1
𝑛𝑎

∑
𝑎

𝑟
𝑎,𝑛
𝑖

)
− 𝑟𝑎,𝑛

𝑖
|
]

(3)

𝐴𝑎
𝑖 ∈ {0, 1},∀𝑖 ∈ 𝐼 ,∀𝑎 ∈ 𝐴 (4)∑

𝑎∈𝐴
𝐴𝑎
𝑖 = 1,∀𝑖 ∈ 𝐼 (5)

𝜏
𝑓

𝑖
− 𝜏𝑠𝑖 ≥ 0,∀𝑖 ∈ 𝐼 (6)

𝜏
𝑓

𝑖
, 𝜏𝑠𝑖 ≥ 0,∀𝑖 ∈ 𝐼 (7)(

𝜏𝑠𝑗 − 𝜏
𝑓

𝑖

)
𝑥𝑖, 𝑗𝐴

𝑎
𝑖 𝐴

𝑎
𝑗 ≥ 0,∀𝑖, 𝑗 ∈ 𝐼 ,∀𝑎 ∈ 𝐴 (8)

𝑥𝑖, 𝑗 + 𝑥 𝑗,𝑖 = 1,∀𝑖, 𝑗 ∈ 𝐼 (9)

𝜏𝑠𝑗 − 𝜏
𝑓

𝑖
≥𝑊𝑖, 𝑗 ,∀𝑖, 𝑗 ∈ 𝐼 |𝑊𝑖, 𝑗 ∈ 𝑇𝐶 (10)

𝑢𝑏𝜏𝑖 ≥ 𝜏
𝑓

𝑖
− 𝜏𝑠𝑖 ≥ 𝐶𝐷𝐹−1𝑖,𝑎,𝑛 (1 − 𝜖𝜏𝑖 ),∀𝑖 ∈ 𝐼 ,∀𝑎 ∈ 𝐴,

∑
𝜏𝑖 ∈𝜏𝑖

𝜖𝜏𝑖 = 𝜖 (11)

𝐷𝑟𝑒𝑙
𝑖, 𝑗 −𝐶𝐷𝐹−1𝜏

𝑓

𝑗
−𝜏𝑠

𝑖

(1 − 𝜖𝐷 ) ≥ 0,∀𝜏𝑖 , 𝜏 𝑗 ∈ 𝜏 | ∃𝐷𝑟𝑒𝑙
𝑖, 𝑗 ∈ 𝑇𝐶,

∑
𝐷∈𝑇𝐶

𝜖𝐷 = 𝜖 (12)

𝐷𝑎𝑏𝑠
𝑖 −𝐶𝐷𝐹−1

𝜏
𝑓

𝑖

(1 − 𝜖𝐷 ) ≥ 0,∀𝜏𝑖 , ∈ 𝜏 | ∃𝐷𝑎𝑏𝑠
𝑖 ∈ 𝑇𝐶 ∧

∑
𝐷∈𝑇𝐶

𝜖𝐷 = 𝜖 (13)

We define our objective function in Equation 1 as a linear combination of minimizing the makespan in Equation
2 and entropy in Equation 3. Equation 4 states that an agent is either assigned or unassigned to a task. Equation
5 requires all tasks 𝜏𝑖 to be assigned to an agent. Equations 6 and 7 ensure that each task, 𝜏𝑖 , has a non-negative
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duration and that the start, 𝜏𝑠𝑖 , and finish, 𝜏 𝑓
𝑖

, times are likewise non-negative. Equations 8 and 9 require each agent
to complete one task at a time. Equation 10 requires a minimum wait time of𝑊𝑖, 𝑗 between the end of task 𝜏𝑖 and
the start of task 𝜏 𝑗 .

To optimize subject-to-chance constraints for our uncertainty in task completion time, we need to distribution
risk by tasks (Equation 11), or by deadlines (Equations 12-13). If we enforced task-based risk allocation, we define
a lower bound by guaranteeing that the task succeeds at a rate of 1 − 𝜖𝜏𝑖 . The upper bound would then be defined by
the earliest deadline associated with that task. However, we elect enforce a deadline-based risk allocation rather
than a task-based risk allocation to reduce the risk allocation spread of 𝜖 from 𝑂 (𝑛) tasks to 𝑂 (𝐷) deadlines. As
such, we enforce allocation with Equations 12 and 13. Equation 12 requires the likelihood of completing relative
deadline 𝐷𝑟𝑒𝑙

𝑖, 𝑗 between the start of task 𝜏𝑖𝑛 and the end of task 𝜏 𝑗 be greater than 1 − 𝜖𝐷 . Equation 13 requires that
the likelihood of completing each absolute deadline 𝐷𝑎𝑏𝑠

𝑖 be greater than 1 − 𝜖𝐷 .

3.1 Technical Challenges in Exact Optimization
There are two primary challenges that prohibit a MILP solver from directly addressing the overall problem using
this formulation.

(1) This formulation does not provide any adaptive reasoning about individual agent capabilities to
complete tasks. It is necessary for the programmer to define the probability distribution function for each
agent-iteration-task duration combination 𝑃𝐷𝐹𝑖,𝑎,𝑛 each time. Thus within this framework, we have no
inherent mechanism that takes in agent samples and updates a belief on 𝑃𝐷𝐹𝑖,𝑎,𝑛 . Consequently, maintaining
the same schedule misses opportunities to optimize on inter-agent skill capabilities.

(2) The probability distribution function for task finish time 𝑃𝐷𝐹
𝜏
𝑓

𝑖

and risk allocation 𝜖𝐷 in in Equations
12 and 13 are under-defined. It is not possible to compute 𝑃𝐷𝐹

𝜏
𝑓

𝑖

until a full assignment has been made for
all tasks and task orders, {𝐴𝑎

𝑖 , 𝑥𝑖, 𝑗}, associated with requisite tasks leading up to the task deadline. Knowing
the full set of task assignments is also required to compute the probability distribution of the makespan,
the computational multiplier in any search algorithm. We elaborate on the computational expense for each
probability distribution function 𝑃𝐷𝐹

𝜏
𝑓

𝑖

in Section 6 and show that it cannot be expressed in non-integral
form. In addition, it is up to the programmer to define the risk distribution for 𝜖𝐷 . We discuss our alternative
solution for upper-bounding 𝑃𝐷𝐹

𝜏
𝑓

𝑖

for real-time evaluation.

Below, we detail our methods to tackle these challenges and enable new search methodologies for our dynamic
scheduling process.

4 COORDINATION ALGORITHM OVERVIEW
To generate an adaptive method that improves upon optimization with fixed estimates for human behavior, we seek
an approach that evaluates dynamic, improving human task completion times and merges them with fixed robot
task completion times. Without being able to directly use a MILP solver given the challenges noted in Section 3.1,
we require alternative solution mechanisms that will construct and evaluate a large number of candidate schedules.
Given the computational expense to evaluate a single schedule makespan, we must derive and leverage a sufficiently
fast upper-bound evaluation method. In addition, we need a reliable parametric update to the expected agent-specific
task duration as we observe agents over time (i.e., a learning curve model with updates for each distinct agent as
they perform tasks).

In the following sections, we first validate two parametric assumptions in Section 5 that are used to parameterize
human task completion times. Then, in Section 6, we offer a fast upper-bound calculator as a substitute for the
objective value to achieve a fast estimation of the robustness and makespan of any candidate schedule. Subsequently,
we reason about agent capabilities by computing a parametric update to the estimate for a person’s likely future
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task completion time in Section 7. Finally, we utilize these two methods to facilitate an iterative search process
for finding a schedule that balances minimizing the time needed for completion and exploring new task-agent
assignment pairs, while staying robust to deadlines. We depict our search process in Figure 2.

Fig. 2. A flowchart depicting our iterative process for candidate generation and task proficiency comprehension
during schedule optimization for human-robot teams.

Algorithm 1: Optimization workflow pseudocode

agentParameters← compute(populationPriors) ;
bestSchedules← greedyHeuristic(agentParameters) ;
for N iterations of scheduling do

while time ≤ timeLimit do
candidateSchedules← searchMethod(bestSchedules) ;

bestSchedules← upperBoundEvaluator(candidateSchedules) ;
end
bestSchedule← bestSchedules[0] ;
newTaskTimes← apply(bestSchedule) ;
agentParameters← update(newTaskTimes) ;

end

For each round of scheduling, we generate initial candidate schedules by applying a greedy heuristic designed
for deterministic task scheduling. Then, we apply one of two distinct any-time methods we develop (Section 8) for
improving the schedule. This evaluation process is aided by the fast upper bound evaluation detailed in Section
6. Once a new optimal schedule is selected, we pass the schedule to the human-robot team for completion. The
duration of each executed task is recorded and used to update the parameters of each corresponding assigned
agent’s learning curve, as detailed in Section 7. The learning curve is then used to re-project estimations for the
expected duration of future tasks. Our approach is also depicted in Algorithm 1.
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5 ALGORITHM ASSUMPTIONS AND VALIDATION
We hypothesize two assumptions about human task completion capabilities which we validate through a user study.

H1: Humans learn over time and that their learning curve follows an exponential function of generic form
𝑦 = 𝑐 + 𝑘𝑒−𝛽𝑖 over the course of multiple iterations, where 𝑖 is the iteration and 𝑐, 𝑘, 𝛽 are parameters [59].

H2: For a population of people completing an assembly task, the population distribution of task times approximates
a normal distribution.

To validate the two assumptions, we conducted a human-subject pilot study to collect data for learning curves by
recording the time taken by different subjects to physically assemble LEGO kits of varying difficulty. In the pilot
study, each participant was assigned to complete six different tasks for five iterations. We recruited 18 participants
ranged from age 22 to 31 (Median:24, Male:11, Female:7) to participate in the pilot study. Figure 3 shows the task
completion times from the pilot study.

Fig. 3. Task completion times from pilot study

Task c k 𝛽

1 101.83 (4.29) 239.94 (29.16) 0.78 (0.09)
2 80.12 (2.86) 148.81 (21.76) 0.91 (0.12)
3 87.30 (4.45) 218.55 (20.8) 0.66 (0.11)
4 53.94 (5.34) 112.07 (17.74) 0.725 (0.15)
5 63.20 (2.69) 71.92 (16.98) 0.82 (0.25)
6 57.02 (3.30) 196.73 (36.02) 1.19 (0.14)

Table 2. 𝑐, 𝑘, 𝛽 parameters from the pilot study, with
standard error in parentheses.

Task Iteration 1 Iteration 2 Iteration 3 Iteration 4 Iteration 5
1 0.007 0.035 0.399 0.285 0.807
2 0.031 0.427 0.773 0.015 0.261
3 0.903 0.009 0.844 0.563 0.798
4 0.133 0.12 0.055 0.015 0.133
5 0.292 0.004 0.007 0.003 0.062
6 0.591 0.943 0.024 < 0.001 0.201

Table 3. p-values from Shapiro-Wilk’s test for Normality Assumption
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We test the normality assumption for task completion times (H2) on all the six tasks for five iterations using
Shapiro-Wilk’s test with Bonferroni-adjusted 𝛼 level of 0.001 (0.05/30 as we are testing for 30 combinations).
Results from Shapiro-Wilk’s test find that we do not reject the null hypothesis (that the distribution is normally
distributed) at the 𝛼 = 0.05 confidence level for 29/30 task-iteration combinations, indicating that 97% of the data
comply with our normality assumption. Furthermore, the average time taken per task decreased exponentially (H1)
as a function of the number of iterations, as suggested by literature [59]. We report the 𝑐, 𝑘, 𝛽 values used to fit
the pilot data distribution in Table 2. As such, we are confident in our two modeling assumptions in generating
simulated schedules and tasks.

6 FAST UPPER BOUND FOR SCHEDULE ROBUSTNESS
In Section 3.1, we stated that one primary challenge of the MILP formulation was under-defined chance constraints
in Equations 12 and 13 and for evaluating the makespan in Equation 2. In this section, we elaborate of this
computational difficulty and develop an analytical upper-bound to address it.

First, we define the schedule as robust if it is possible to complete all tasks by the desired deadlines with
probability (1 − 𝜖). An approach to distributing risk across deadline success (𝑆𝑖) can be obtained via Boole’s
inequality, as shown in Equation 14, which enables expression of the joint chance constraints of 𝑛 deadlines as
shown in Equation 15.

𝑃𝑟 [
𝑛
∪
𝑖=1
𝑆𝑖 ] ≤

𝑛∑
𝑖=1

𝑃𝑟 [𝑆𝑖 ], (14)

𝑃𝑟 (𝑆𝑖 ) ≥ (1 − 𝜖𝑖 ),
𝑛∑
𝑖=1

𝜖𝑖 ≤ 𝜖 (15)

Boole’s inequality allows us to select the appropriate 𝜖𝐷 for each deadline in Equations 12 and 13 given an overall
schedule risk allocation 𝜖. To compute the robustness given that 𝜖𝐷 , we need to evaluate the probability distribution
for the completion of the last task associated with that deadline.

We then define the distribution for task completion time 𝑃𝐷𝐹
𝜏
𝑓

𝑖

. We can express 𝑃𝐷𝐹
𝜏
𝑓

𝑖

as a function of the time
elapsed before the start of the task due to preconditions and the duration of the task as shown in Equation 16.

𝑃𝐷𝐹
𝜏
𝑓

𝑖

=𝑚𝑎𝑥

(
{𝑃𝐷𝐹𝑝𝑟𝑒𝑐𝑜𝑛

𝜏
𝑓

𝑖

+𝑤𝑝𝑟𝑒𝑐𝑜𝑛

𝑖
}, 𝑃𝐷𝐹

𝜏
𝑓

𝑖−1

)
+ 𝑃𝐷𝐹𝑖,𝑎,𝑛 (16)

In Equation 16, 𝑃𝐷𝐹
𝜏
𝑓

𝑖−1
is the end time of the previous task completed by the current agent, and {𝑃𝐷𝐹𝑝𝑟𝑒𝑐𝑜𝑛

𝜏
𝑓

𝑖

+

𝑤
𝑝𝑟𝑒𝑐𝑜𝑛

𝑖
} denotes the set of distributions that correspond with satisfaction of each task precondition and wait

constraint. This equation requires two computations: a maximization (prior precondition tasks in parallel) and an
addition (new task in series) as show in Figure 4.
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Fig. 4. This figure depicts a visualization of operations
resulting from temporal constraints. Agent 2 is
completing tasks 2 and 4, but is dependant on Agents
1 and 3 to complete task 4’s preconditions.

Fig. 5. This figure depicts a Gaussian-based
upper-bound on the underlying distribution of a
random variable 𝑍 such that 𝑍 = max(𝑋1, 𝑋2, 𝑋3).

Generally, the maximization of a set of random variables 𝑌 = 𝑚𝑎𝑥{𝑋𝑖 }𝑖=1,2..𝑛 yields a resulting probability
distribution 𝑌 ∼ 𝑓𝑦 (𝑦) which can be expressed by Equation 17.

𝑓𝑦 (𝑦) =
𝑛∑
𝑖=1

𝑓𝑥𝑖 (𝑦)
𝑛

Π
𝑗=1, 𝑗≠𝑖

𝐹𝑥 𝑗
(𝑦) (17)

The subsequent probability distribution resulting from the sum of two random variables 𝑍 = 𝑌 + 𝑋 , 𝑍 ∼ 𝑓𝑧 (𝑧) can
be expressed by Equation 18.

𝑓𝑧 (𝑧) =
∫ ∞

−∞
𝑓𝑥 (𝑥) 𝑓𝑦 (𝑧 − 𝑥)𝑑𝑥 (18)

Recall that task finish times 𝑃𝐷𝐹𝑖𝑎𝑛 are normally distributed. The sum of two normally distributed random
variables has a quick closed-form solution. If 𝑋 ∼ 𝑁 (`𝑥 , 𝜎2𝑥 ) and 𝑌 ∼ 𝑁 (`𝑦, 𝜎2𝑦), then 𝑍 can be parameterized by
𝑍 ∼ 𝑁 (`𝑥 + `𝑦, 𝜎2𝑥 + 𝜎2𝑦). However, the maximum of normally distributed random variables given by Equation 17
does not have a non-integral solution, unless ∃𝑦 ∈ R 𝑠 .𝑡 . 𝐹𝑥𝑖 (𝑦) ≈ 0, 𝐹𝑥 𝑗

(𝑦) ≈ 1 𝑓 𝑜𝑟 𝑖 ∈ 𝑁, 𝑗 ≠ 𝑖. That is, that the
rightmost normal distribution does not “overlap” with the distributions.

For any task in the schedule that has preconditions, the resulting expression for the probability distribution
function of the task finish time 𝑃𝐷𝐹

𝜏
𝑓

𝑖

can only be evaluated via integration. To find the distribution associated with
the deadline, it is necessary to traverse the directed acyclic graph (DAG) of the schedule and its associated task
sequence to ascertain the expected completion time of each task along the way. Consecutive multiplication and
integration computations quickly become expensive, and this expense is compounded by the need for re-calculation
with each new schedule assignment {𝐴𝑎

𝑖 , 𝑥𝑖, 𝑗} while searching for an optimal schedule.
As the computation cost scales exponentially in time with the number of tasks and schedules to evaluate, we

instead search for a fast approximating Gaussian distributed upper bound for Equation 17 and introduce a small
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amount of conservatism in return for a scalable evaluation. We empirically demonstrate the efficacy of our trade-off
in Section 9.2. We apply line search for a Gaussian distribution that upper bounds

𝑚𝑎𝑥

(
{𝑃𝐷𝐹𝑝𝑟𝑒𝑐𝑜𝑛

𝜏
𝑓

𝑖

+𝑤𝑝𝑟𝑒𝑐𝑜𝑛

𝑖
}, 𝑃𝐷𝐹

𝜏
𝑓

𝑖−1

)
in Equation 16. Formally, for𝑌 =𝑚𝑎𝑥{𝑋𝑖 }𝑖=1,2..𝑛 , we search for a distribution

𝑓𝑔 (𝑦), such that Equation 19 holds.
𝐹𝑔 (𝑦) ≤ 𝐹𝑦 (𝑦) ∀𝑦 ∈ [0,∞] (19)

We now assert and prove Lemma 1 that this distribution exists.

LEMMA 1. There exists a Gaussian cumulative probability distribution 𝑔 ∼ 𝑁 (`, 𝜎) s.t. Equation 19 is true with
probability 1 − 𝜖, for arbitrarily small 𝜖.

PROOF. For 𝐹𝑦 (𝑦), ∃ 𝑏 𝑠.𝑡 . (1 − 𝜖) ≤ 𝐹𝑦 (𝑏). For an arbitrary 𝜎, ∃ 𝑁 (`, 𝜎), 𝑠 .𝑡 . ` − 𝑘𝜎 ≥ 𝑏, 𝐹𝑁 (` − 𝑘𝜎) ≤ 𝜖, for
`, 𝑘 ∈ [0,∞]. Since 𝜖 is arbitrarily small, then 𝐹𝑛 (` − 𝑘𝜎) ≤ 𝜖 < 1 − 𝜖 ≤ 𝐹𝑦 (𝑏) ≤ 𝐹𝑦 (` − 𝑘𝜎). □

Through experimentation, we found a good initial guess for upper-bound distribution is 𝑓 (𝑔) (𝑦) ∼ N(` =

𝑚𝑎𝑥 (`𝑥𝑖 ), 𝜎 =𝑚𝑒𝑎𝑛(𝜎𝑥𝑖 )), which is equivalent to selecting the mean of rightmost distribution. With the distribution
average, we can then perform line search for incremental shift of ` and 𝜎 by step sizes 𝛼 and 𝛽, respectively, until
Equation 19 is satisfied as shown in Figure 5. If 𝛼 is scaled with respect to 𝜎/𝑐, the maximum steps needed is a
single-digit multiplier of 𝑐. Checking the exit condition at each step can be inexpensive, since although 𝑓𝑦 (𝑦) has

no closed-form solutions, 𝐹𝑥𝑖 (𝑦) in 𝐹𝑦 (𝑦) =
𝑛

Π
𝑖
𝐹𝑥𝑖 (𝑦) can be evaluated with a single look-up. Given the Gaussian

distribution’s symmetric properties, the number of evaluation points to produce a tight bound can be empirically as
few as 12 points spaced uniformly within [` − 3𝜎, ` + 3𝜎].

In summary, by computing a maximization and then a summation operation for each task, we can obtain the
probability distribution function over each task’s finish time 𝑃𝐷𝐹

𝜏
𝑓

𝑖−1
via Equation 16. However, the resulting

distribution is expensive to represent and compute. Thus, we efficiently search for a Gaussian upper-bound
for 𝑃𝐷𝐹

𝜏
𝑓

𝑖−1
that introduces a small amount of conservatism in exchange for propagating efficient upper bound

computation for all tasks in the schedule. Subsequently, we can check if the distribution of the final task before
each deadline satisfies the risk 𝜖𝐷 allocated via Equation 15. Finally, we can compute the makespan distribution by
evaluating the probability distributions’ maximum associated with each agent’s final task. We analytically show the
advantageous trade-off of our approach in Section 9.2.

7 LEARNING CURVE UPDATE ALGORITHM
With risk allocation and an effective upper-bound for 𝑃𝐷𝐹

𝜏
𝑓

𝑖−1
for deadline constraints defined, we address the

other challenge of modeling humans’ learning capability on a particular task by parametrically reasoning about a
human’s unknown learning curve. Given our validation of H1 and H2 in Section 5, we can expect to model the
learning curve as an exponential function of generic form 𝑦 = 𝑐 + 𝑘𝑒−𝛽𝑖 , where 𝑐, 𝑘, 𝛽 are parameters and 𝑖 is the
repetition number. However, humans exhibit additional variance in task completion time. It is difficult to tease
out how much a reduction in task completion time is due to chance from steady-state variance versus an actual
improvement in performance associated with a learning effect. While we can compute a model prior by looking at
population averages, we need a way to tailor a model update for each individual.

We design our learning curve model update as an adaptive Kalman filter [1], where our state vector is composed
of learning curve parameters and our observation consists of observed task duration. We detail our implementation
in Algorithm 2. This formulation is analogous to a control model where the system dynamics are stationary and
the noise model is hidden. We model each individual’s learning curve parameters as a hidden but static state, with
the best initial guess as the population average. After each task is completed, we obtain a new observation and
update our parameters. Our primary challenge comes from determining analogous initial estimates for the state,
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prior covariance and covariance noise matrices, 𝑃,𝑄, 𝑅, and the corresponding update rate 𝛼 . To find a suitable
estimate, we bootstrap by repeatedly sub-sampling the population prior to computing the initial covariance matrix
𝑃 and scale 𝑄 and 𝑅 in proportion to 𝑃 . To determine the ideal update rate for 𝑄 and 𝑅, we run repeated simulations
to sweep through range [0, 1] in intervals of 0.25 and find 𝛼 = 0.9 to be on average the best update rate.

Algorithm 2: Agent learning curve model update

Initialize from population 𝑥𝑘−1 |𝑘−1;
Initialize noise estimates 𝑄 , 𝑅 ;
while While not done do

𝑥𝑘 |𝑘−1 = 𝑥𝑘−1 |𝑘−1 ;
𝑃𝑘 |𝑘−1 = 𝑃𝑘−1 |𝑘−1 +𝑄 ;
𝑑𝑘 = 𝑧𝑘 − ℎ𝑘 (𝑥𝑘 |𝑘−1) # observation error ;
𝑠𝑘 = 𝑅 + 𝐻 [1]

𝑘
𝑃𝑘 |𝑘−1𝐻

[1]𝑇
𝑘

;
𝐾𝑘 = 𝑃𝑘 |𝑘−1𝐻

[1]𝑇
𝑘
[𝑠𝑘 ]−1 # kalman gain ;

𝑥𝑘 |𝑘 = 𝑥𝑘 |𝑘−1 + 𝐾𝑘𝑑𝑘 # model update ;
𝜖 = 𝑧𝑘 − ℎ𝑘 (𝑥𝑘 |𝑘 ) # residual error ;
# adaptive noise updates ;
𝑅 = 𝛼𝑅 + (1 − 𝛼) (𝜖𝜖𝑇 + 𝐻 [1]

𝑘
𝑃𝑘 |𝑘−1𝐻

[1]𝑇
𝑘
) ;

𝑄 = 𝛼𝑄 + (1 − 𝛼) (𝐾𝑘𝑑𝑘𝑑𝑇𝑘 𝐾
𝑇
𝑘

;
𝑃𝑘 |𝑘 = 𝐼 − 𝐾𝑘𝐻 [1]𝑘

𝑃𝑘 |𝑘−1 ;
end

8 SEARCH METHODS: MODIFIED BRANCH AND BOUND OR EVOLUTIONARY
OPTIMIZATION

In this section, we discuss two search methods that could be utilized to optimize our schedule. We first discuss how a
lower-bound could be formulated to pair with our upper-bound method from Section 6 to enable branch-and-bound
search for our MILP formulation. In addition, we discuss how to generate genetic diversity and mutation to enable
a evolutionary optimization approach to search.

8.1 Modified Branch and Bound (B&B) Optimization
MILPs are often solved via a branch-and-bound solver, which require non-trivial upper and lower-bounds for
pruning sub-trees, and a branching order for binary variables. We discussed an upper bound mechanism in Section
6, and introduce in this section a non-trivial lower-bound at each node for dynamic variables in Equations 12 and 13
and a branching order for variables { 𝐴𝑎

𝑖 , 𝑥𝑖, 𝑗 }. We provide pseudocode for our branch and bound with Algorithm 3
and 4.
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Algorithm 3: Modified branch and bound

UB← computeUB(greedySchedule) ;
solution← greedySchedule ;
taskOrder← greedySort(tasks) ;
varOrder← [(Aij, xij) for task in taskOrder] ;
queue← [ Node(assignment = Null) ] ;
while timer ≤ TimeLimit AND queue !empty

do
newNode← queue.pop() ;
if newNode == leafNode then

val←
computeUB(newNode.assignment) ;

if val < UB then
solution← newNode.assignment ;
UB← val ;

else
childrenList← getChildren(newNode,
varOrder) ;

for assignment in childrenList do
LB = relaxLP(assignment) ;
if LB < UB then

queue.append(Node(assignment))
;

end
end

end
end

Algorithm 4: relaxLP(assignment)

Initialize taskMeans, taskStds ;
Initialize LP ;
LP.assignKnownValues(assignment) ;
LP.addNonDeadlineConstraints ;
minStd← min( taskStds ) ;
for task, deadline in taskDeadlines do

len← computeLongestPath() ;
𝜎 ←

√
𝑙𝑒𝑛 ∗𝑚𝑖𝑛_𝑠𝑡𝑑 ;

LP.addDeadlineConstraint(𝜎) ;
end
LP.relax() ;
RETURN LP.optimize() ;

To compute a correct lower-bound for the schedule at a node, we consider the LP relaxation of the MILP with
two optimistic conditions: 1) each task 𝜏𝑖 ∼ 𝑁 (`, 𝜎) is completed by a fast agent, and 2) there is a fast agent readily
available for the task when preconditions are satisfied. We formulate condition 1) by setting the lower bound for
each task in Equation 11 as ` − 𝑧 ∗ 𝜎 , for z satisfying some significance value. For condition 2, we derive the
relaxation on Equations 12 and 13 when an agent is always readily available.

Since we have an upper bound for task finish times, we can update Equations 12 and 13 to be inclusive of the
start and finish times with respect to a standard normal Gaussian Φ.

𝐷𝑟𝑒𝑙
𝑖, 𝑗 −

(
(𝜏 𝑓

𝑗
− 𝜏𝑠𝑖 ) +

[
Φ−1 (1 − 𝜖𝐷 )𝜎𝐷𝑖

] )
≥ 0,∀𝑖, 𝑗 ∈ 𝐼 | ∃𝐷𝑟𝑒𝑙

𝑖, 𝑗 ∈ 𝑇𝐶,
∑
𝐷∈𝑇𝐶

𝜖𝐷 = 𝜖 (20)

𝐷𝑎𝑏𝑠
𝑖 −

(
𝜏
𝑓

𝑗
+

[
Φ−1 (1 − 𝜖𝐷 )𝜎𝐷𝑖

] )
≥ 0,∀𝑖 ∈ 𝐼 | ∃𝐷𝑎𝑏𝑠

𝑖 ∈ 𝑇𝐶 ∧
∑
𝐷∈𝑇𝐶

𝜖𝐷 = 𝜖 (21)

To enforce a lower bound on the makespan, we wish to find a lower bound on the corresponding distribution
variance 𝜎𝐷𝜏𝑖

when agents are readily available. That is, we look to define a lower bound for 𝜎𝐷𝜏𝑖
such that these
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deadlines can be met easier. Let 𝜎𝑚𝑖𝑛 be the minimum of 𝜎𝜏𝑖 for all known agent task combinations tasks. Then the
minimum variance at the end of task deadline, 𝐷𝜏𝑖 , can be found by finding the maximum set of preconditions, of
length 𝑘 , that need to be sequentially satisfied to reach task 𝜏𝑖 , Since an agent is available and task variance is 𝜎𝑚𝑖𝑛 ,
we see that 𝜎𝐷𝜏𝑖

can be computed from k consecutive iterations of convolutions, as defined by Equation 18, which
yields 𝜎𝐷𝜏𝑖

= 𝜎𝑚𝑖𝑛

√
𝑘 .

For variable assignment we sort a task order list based on our initial schedule policy. We sort the branch order of
variables by that task order and place agent-task assignment variables 𝐴𝑎

𝑖 before task-order variables 𝑥𝑖, 𝑗 . If the
variable is an agent-task assignment 𝐴𝑎

𝑖 , we prioritize agent assignments from least-to-most existing workload. If
the variable is about relative task order 𝑥𝑖, 𝑗 , we prioritize assigning True over False. Combined, these two priorities
start our search with a schedule that evenly distributes tasks and the task orderings closely resemble a schedule
generated by applying a greedy heuristic designed for deterministic scheduling.

8.2 Evolutionary Optimization
We note that finding a non-trivial lower bound that will accelerate the efficiency of a branch-and-bound approach
by frequently pruning sub-trees. Pruning occurs by exceeding the incumbent upper-bound, which is difficult
given a wide domain on uncertainty sets. Alternatively, we can search via evoluationary optimization. One of the
prerequisites for this optimization is the seeding and maintenance of a diverse population. However, such a seeding
process is challenging, as for a scheduling problem with inter-task dependencies (e.g. upper- and lower-bound
temporal constraints), as a randomly generated schedule is highly likely to be infeasible [34]. As such, the majority,
if not all, of seeded solutions are pruned from the population without contributing meaningful candidates.

To overcome this inefficiency induced by random seeding of schedules, we propose to generate initial schedules
by employing a construct based on a modified "soft" EDF (earliest deadline first) schedule policy. EDF takes the
average expected task duration, and utilizes Floyd-Warshall to find the corresponding sequence of tasks in order
of latest start times to meet all deadlines [10]. In "soft" EDF, our objective is to provide population diversity by
exchanging tasks in the sequence that may likely be started at the same time. We sort the latest start times for each
task, and examine tasks that have start times |𝜏𝑠𝑖 − 𝜏𝑠𝑗 | < 𝛿 for some 𝛿 much less than the average task duration. If
this criterion is true for two adjacent tasks in the sort, a coin-flip is used to determine whether the order of the tasks
should flipped. This generates candidate schedules with a much higher likelihood of being feasible to the original
temporal constraints.

We employ an evolutionary-based approach to sequentially construct new candidates, keeping a percentile of
best candidate schedules as defined by our objective function. We search via iterative mutation by swapping task
allocations, task order, and crossover between agent assignment lists. In addition, we re-seed the population with
diversity by employing our soft EDF based heuristic. Candidate schedules are also evaluated for robustness to
deadlines; those that are not robust are eliminated. As discussed in Section 6, the computation cost for evaluating
the probability distribution of a schedule makespan scales exponentially with the number of tasks and temporal
constraints. Our method for defining an upper-bound empirically enables at least a 103 speed up in computation
time, as we later show in Section 9.2. This speedup enables 103 more iterations of any type of search for optimizing
the schedule. After successive rounds of evolution, the best schedule is selected for implementation. The exact
parameters selected for our genetic algorithm are detailed in Section 9.5.

9 COMPUTATIONAL EVALUATION OF OUR COORDINATION ALGORITHMS
In this section, we simulate complex scheduling problems to confirm the general ability of our individual algorithm
components to provide a fast, tight upper-bound and reason about individual capabilities.
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9.1 Simulation Generation
We utilize our pilot study data from Section 5 to generate synthetic scheduling problems of high complexity and
inter-agent teaming. We first define a scheduling problem with temporal constraints. We set the overall deadline to
`+3𝜎
𝑛𝑎

, where `, 𝜎 are the total expected time of all tasks and its corresponding variance and 𝑛𝑎 is the number of
agents. That is, we compose a problem in which the majority of new agents complete the schedule just in time. In
addition, we add intermediate deadlines for 1/5th of all tasks in the schedule. Finally, we intertwine tasks by giving
non-starter tasks a weighted probability [50%, 30%, 15%, 5%] for having [0, 3] precedence constraints. We choose
to generate scheduling problems with fewer than 75 tasks and up to three agents. We based our design on prior
literature [34] indicating that solutions are not tractable past the trade-off curve of those milestones.

To simulate heterogeneous agent-task capabilities, we turn to our pilot study to construct a population of agent
learning curves for each task in the schedule. We generate the parameters 𝑐, 𝑘, 𝛽 for each agent-task combination
by comprising each parameter of three sub-distributions, which respectively represent the task, agent, and joint
task-agent contributions to that parameter. We repeat to generate a proportionally scaled hidden variance at every
iteration, representing the agent’s potential to deviate from their learning curve. We set our parameters such that
each agent-task learning curve resembles the following characteristics from our pilot study: 1) 95% of simulated
agents are within 30% of the population average for the initial task duration, and 2) all agents are able to the
learn the task quickly, converging to task proficiency (less than 2% improvement in further repetitions) within ten
iterations.

9.2 Computation Time for Robustness Evaluation
Using our simulation generation method, we constructed 30 sample scheduling problems each for three different
number of tasks, i.e. {25, 50, 75}. We then generated feasible schedules for three workers to complete each task.
We then evaluated the average computation time costs for deriving an accurate probability distribution for the
makespan of the schedule using both numerical estimation and Gaussian upper-bound approximation given 𝑛 tasks.
While computing a Gaussian approximation always took less than 0.1s for 25, 50, and 75 tasks, the corresponding
numerical approximation (i.e. the baseline method) took 5.56 ± 1.53s , 51.69 ± 2.53s, and 201.14 ± 57.75, as
shown in Figure 6a. We show the speedup ratio between empirical evaluation and our fast upper-bound in Figure
6b. From the figure, we can see that the computational expensive for evaluating the exact probability distribution of
the makespan becomes over 103 longer than utilizing our fast upper-upper bound approximation. For a schedule
robustness requirement of 95% probability of success, the average amount of conservatism (percent added time)
introduced by using our approximation method was 8.44 ± 10.1%. As such, we see that our approach for computing
an upper-bound scales well for large number of tasks without introducing increasing conservatism in our bound for
the makespan. Thus we can be confident that our bounding approach is critical in enabling real-time search for
finding new schedules.

9.3 Efficacy of Learning Curve Update
To isolate and demonstrate our algorithm’s effectiveness in predicting an individual human’s learning curve, we
examined the ability of our adaptive update to predict the task duration in subsequent repetitions of the same task.
We look to show critical improvement over utilizing the population average as a baseline deterministic estimate.
We generated 100 instances where an initial learning curve was estimated from a population of 50 humans for 20
iterations. The population was generated using the same method as our overall scheduling simulation described in
Section 9.1. A new agent was then introduced with unknown parameters. For each new agent, we ran the simulation
20 times to calculate the average total error of each model in predicting the agent task duration across 20 iterations.

Across 100 instances, the baseline estimation model resulted in a median total error of 167.8s, with the first and
third quartile at 87.1 and 252.6s, respectively, as shown in Figure 7. The adaptive estimation model had a median
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(a) Corresponding raw compute times (b) Speed-up ratio trade-off with conservatism

Fig. 6. These figures depict the trade-offs in employing numerical quadrature for a probability distribution over
satisfying temporal constraints vs. our upperbound and the corresponding compute time.

total error of 49.4s, with the first and third quartile at 43.5s and 61.1, respectively. Crucially, our update model
removed many outliers found in the population data.

On average, switching from the baseline estimate to the learned individual model decreased the total error
by 59.2 ± 25.3%. In addition, we see reductions in the maximum and minimum error across repetitions of each
simulated instance. The average improvement in maximum error was 54.6 ± 26.4%. The average improvement in
minimum error was 63.0 ± 26.4%. We also see that extreme outliers were also eliminated when switching from the
population model to our adaptive model. As such, we are confident that our adaptive update consistently improves
over the baseline estimate and enriches our prediction capacity across iterative repetitions between candidate agents.

9.4 Any-time Search Method Selection: B&B v.s. Evolutionary-Based Search
We consider the relative strength of our branch and bound and evolutionary-based search methodologies for finding
better schedules. To evaluate in a non-biased manner, we compare the consecutive decrease in the makespan
upper-bound as a function of search time, without parametric updates to agent-specific task-capabilities. That is,
we assume a homogeneous pool of agents for one iteration of scheduling, and ascertain the ability of each search
algorithm to find better schedules starting from a baseline of an EDF based schedule policy. We run 25 random
scheduling problems and allow a 1-hour search on a single core.

For 20-50 task schedules, we see the evolutionary optimization algorithm consistently improve over time, while
the branch and bound finds new incumbents with far lower frequency as the number of tasks increases, as shown
in Figure 8. For higher number of tasks, we expect the branch and bound not to find significant incumbents in a
short window of time. Since evolutionary-based search outperformed branch and bound search, we select this latter
approach as the search method for both our simulated and physical human-robot interaction (𝑛 = 90) evaluations in
Section 10.

9.5 Full Schedule Optimization
We now seek to show the combined results from assembly of our coordination algorithm components. We considered
two scenarios with 20 and 50 tasks respectively where three agents are working to complete the extended set of
interdependent tasks. We choose these values to highlight different levels of task inter-dependency, as per our
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Fig. 7. This figure depicts the distribution of cumulative estimation error after 20 iterations. The baseline estimation
utilizes the static population average, whereas our adaptive estimation iteratively projects new estimates on the fly.
Significant difference between baseline and adaptive estimation 𝑝 < 0.01.

generation method described in Section 9.1, any task may have a temporal dependency with another task in the full
set of tasks. For each number of tasks, we simulated 50 random scheduling problems. To demonstrate results where
the three agents are heterogeneous, we draw each agent’s task specific learning curve randomly from either the top
or bottom quartile of the population for each task.

We recall that in all scenarios, 1) 95% of agents have untrained capabilities within 30% of the population average
for all tasks, and 2) all agents are capable to task proficiency (less than 2% improvement in further repetitions)
within ten iterations. This rapid improvement requires fast discovery of agent characteristics and task exchange
while incurring explorations costs due to lack of exploitation of commit learning ability by the previous agent.

For our evolutionary-based algorithm, we initiate with a population of 90 candidate schedules via our soft EDF
diversity policy mentioned in Subsection 8.2. At each iteration we allow the search to evolve for 50 generations,
creating 10 new candidate samples based on our random schedule generation heuristic and 10 more via mutation.
We evaluate all the candidate schedules and remove the 20 weakest schedules to maintain the population at 90
during each evolution. For weighting exploration v.s. exploitation, we linearly anneal _ over the first half of the
scheduling iterations. Our starting _ coefficient is equivalent to 10% of the initial makespan. We evaluated random
and EDF as heuristics for generating an initial schedule. In each of our following figures, we show the normalized
makespan improvement for four different conditions:

(1) Ours: Our full algorithm with an exploration factor and adaptive updates.
(2) Ours \ _: Our algorithm without any exploration factor.
(3) Ours \ (_ and adaptation): Evolutionary optimization without any adaptive predictions.
(4) Baseline: Committing to the initial EDF generated schedule.

We distinguish the individual contributions of the evolutionary-based optimization, the adaptive learning curve, and
the exploration factor _ by showing makespan improvement across conditions 1, 2, and 3. In addition, we are not
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(a) 20 tasks (b) 30 tasks

(c) 40 tasks (d) 50 tasks

Fig. 8. These figures depict comparative upper bound improvements via search over 1-hour for 3 human agents
and 20, 30, 40, and 50 tasks, corresponding to Figures 8a, 8b, 8c, and 8d, respectively. We normalize the results
with respect to the initial starting schedule candidate.

including results in which the initial schedule is randomly generated, as there was no instance in which initiating
search from a population of randomly generated schedules yielded a feasible schedule.

In every condition, we start with no distinct information on any agent, and thus each condition begins with a
homogeneous estimation for agent capabilities. To normalize results across different scheduling problems with
differing makespans, we divide all makespans by the initial round one makespan associated with the schedule
generated by EDF. To illustrate the true comparative advantage on the scheduling makespan by each conditions, we
empirically sample the task-duration of the final schedule selected by each algorithm. However, at run time, the
algorithm only optimizes knowing a fast upper-bound derived by our method described in Section 6.
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(a) Change in makespan over time (b) Aggregate improvement over baseline

Fig. 9. These figures depict benchmark results for 20 agents and 3 tasks, makespan normalized to the first iteration
EDF schedule makespan. Note: searches starting from random schedules were unable to find feasible schedules.

(a) Change in makespan over time (b) Aggregate improvement over baseline

Fig. 10. These figures depict benchmark results for 50 agents and 3 tasks, makespan normalized to the first iteration
EDF schedule makespan. Note: searches starting from random schedules were unable to find feasible schedules.

First we note that in both scenarios, our baseline greedy condition of committing to one schedule yields results
that match our observations from data collected in our human-subject pilot study. In the pilot study, we discovered
that the natural learning rate for LEGO building tasks is rapid, indicating that any scheduling advantages must be
captured in the initial rounds of scheduling. Across both scenarios, our simulated makespan for a fixed schedule
decayed 35.1 ± 0.5 % across ten iterations, which is approximately the average amount of decay across repetitions
of individual tasks in our pilot study. Thus we are confident that our simulation is realistic in terms of agent-task
performance.
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We see from Figure 9 and Figure 10 that layered application of our coordination algorithm components results
in increasing returns on makespan efficiency. We then look at the breakdown of makespan improvement across
iterations to see if we have met two objectives: 1) to explore to find a schedule that performs better than committing
to the same schedule by iteration ten, where the original assignment would have resulted in agent task proficiency
(i.e < 2% improvement by iteration ten), and 2) to avoid negative aggregate makespan efficiency during the
exploration period, where assigning an agent with no experience to a task results in a large initial cost in efficiency.
We summarize the average percent improvement of each condition and aggregate improvement across the finite
horizon of ten iterations in Table 4 and 5.

Condition Average Improvement Aggregate Improvement Final Round Improvement
Ours \ (_ and adaptation) 0.1 ± 0.5 % 0.6 ± 5.1 % 0.0 ± 0.8 %

Ours \ _ 4.0 ± 0.7 % 40.4 ± 6.9 % 4.7 ± 0.8 %
Ours 4.5 ± 0.7 % 44.8 ± 6.4 % 5.1 ± 0.7 %

Table 4. Schedule makespan percent improvement over baseline across iterations for 20 tasks, with standard error
at 𝛼 = 0.05.

Condition Average Improvement Aggregate Improvement Final Round Improvement
Ours \ (_ and adaptation) -0.27 ± 0.3 % -2.7 ± 3.2 % -0.6 ± 0.5 %

Ours \ _ 1.5 ± 0.5 % 15.0 ± 4.9 % 1.9 ± 0.6 %
Adaptive PBO w/ lambda 1.9 ± 0.6 % 18.9 ± 5.5 % 2.1 ± 0.7 %

Table 5. Schedule makespan percent improvement over baseline across iterations for 50 tasks, with standard error
at 𝛼 = 0.05.

Based on our empirical results, we find that full application of our coordination algorithm resulted in the highest
aggregate improvement (40.4±6.9%) across the first ten iterations, ending with an average improvement of 5.1±0.7%
on iteration ten as shown in Table 4. A net positive on iteration ten indicates that our schedule optimization yields
better results than committing to the the same schedule until agents have achieved task proficiency. In addition, the
large positive aggregate improvement over the ten iterations show that it is safe for the manufacturer to explore task
assignments using our method without sacrificing net efficiency.

For 50 tasks, we saw full application of our coordination algorithm yielded the highest aggregate improvement at
18.9 ± 5.5% across the first ten iterations, as shown in Table 5. The results still show significant improvement over
the baseline, albeit at a lower rate than coordination with 20 tasks. This reflects the increased difficulty in substitute
sub-optimal agents for exploration of task-proficiency, as inter-task dependencies propagate delays downstream for
the remainder of the schedule.

These results are valuable as they represent permanent increases in the schedule efficiency that could be
autonomously applied to improve tight profit margins in real-world manufacturing settings. It is the combination of
evolutionary optimization and adaptive learning curve updates that yields significant results over greedy scheduling.
Lastly, across 50 randomly generated scheduling problems, a general purpose exploration coefficient of lambda =
0.1*starting makespan was able to equal performance in 0 scenarios and improve performance in 0 scenarios. _
can be easily tuned for each individual scheduling problem, based on expectations built from prior agent data. We
weight our _ coefficient accordingly in our subsequent human-subjects experiment.
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9.6 Key Takeaways
Our simulated scheduling problems for human-robot teams with stochastic and dynamic task proficiency validates:

1. Our upper-bound generation method allows for a fast, conservative bound while keeping computational
costs near-negligible for a large number of tasks and only introducing a constant, low proportional rate of
conservatism.

2. Our parametric updates to agent-specific learning curves consistently yield a better estimation of future task
estimations. Thus we can improve our understanding of individual characters and task competency as we
continually adapt our schedule.

3. Our comparison of search methods indicate that evolutionary-based search is a viable approach for schedule
optimization.

4. Our benchmark study on the sequential inclusion of our coordination algorithm components indicate that we
can effectively improve on greedy scheduling, despite the rapid advancements humans exhibit in learning
new tasks.

5. Most importantly, these search methods can operate in real-time and are consistently capable of leveraging
the information provided by rapid new insights into agent-specific capabilities.

In the following section, we apply the entirety of our algorithm in a human subjects study and validate our
approach in factoring in trust and team fluency while also maximizing team efficiency.

10 USER STUDY OF HUMAN-ROBOT TEAMING IN AN ANALOGUE MANUFACTURING
ENVIRONMENT

We conduct a between-subjects user study to gain insight into how a robotic scheduler should balance between
exploration and exploitation strategies for effective human-robot collaboration in an analogous manufacturing
setting. We recruited 96 participants from the university campus through mailing lists. The study involved 48 trials,
with two subjects interacting with a robotic assistant to complete assembling multiple task schedules in each trial.
Three trials were excluded from the analysis as the subjects failed to complete the entire schedule. The resulting
90 subjects consisted of 41 male and 31 female (18 subjects declined to provide their age and gender), ranged in
age 18 to 32 (median: 23). None of the participants in this study had taken part in the pilot study. All participants
received a $15 Amazon gift card as compensation for participating in the study. We obtained approval for human
subject experimentation from the Institutional Review Board (Protocol H19258) before starting the study.

10.1 Task Design
To create an analogue environment of a final assembly line in a manufacturing plant, we assign the subjects to
assemble LEGO pieces delivered by the robot at an assembly station. We chose LEGO as the assembly task based
on prior user studies in Human-Robot collaboration in the context of manufacturing [31, 57]. For our study, we
selected six assembly tasks from the LEGO 75261 Clone Scout Walker kit (Figure 11). The tasks were designed to
have varying complexity and take approximately two to four minutes each to assemble. The subjects have access to
the user manual while assembling each task.

10.2 Human-Robot Team Composition
The human-robot assembly team consists of two human workers (study participants), a robotic assistant (Sawyer),
and a human experimenter. In each study session, both workers must collaborate with Sawyer to complete
assembling all six LEGO tasks for multiple rounds. Sawyer is in charge of scheduling tasks in each round and
fetching appropriate part kits for the human teammates. The workers follow instructions on a manual to complete
assembling the task. The experimenter is present to supervise the entire study session.
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Fig. 11. This figure depicts the LEGO tasks used in the study (Image Courtesy: LEGO).

10.3 Scheduling Approaches
This study examines trends in schedule makespan, subject trust, and human-robot work alliance for different
scheduling approaches in a LEGO assembly task. We propose three different exploitation-based strategies in
this study and randomly assign participants to each condition with a balanced design. Scheduling strategy is an
independent variable with three factor levels, each conforming to different values of _ in Equation 1:

• Exploitation (_ = 0): The algorithm seeks to minimize the schedule makespan based on prior task completion
times.
• Annealed Explore-Exploit (AEE, _ = 25): The scheduler gradually decays the _ parameter to favor

exploitation to a greater extent for the latter half of the session. The average _ annealing across five rounds is
_ = 25.
• Explore-Exploit (_ = 50): The algorithm is weighted towards considering novel assignments in the first half

of the session by setting _ = 50 and tends to favor exploitation in the latter half of the strategy.

10.4 Experiment Procedure
10.4.1 Pre-Study. Upon arrival, the two participants are asked to sign separate consent forms, briefed about the
study procedure and what is expected of them during the course of the study by the experimenter.

10.4.2 Study Setup. The setup consists of two tables representing the fetching area and assembling area,
respectively. The robotic assistant Sawyer is situated in between the two tables. Initially, the fetching area contains
all the LEGO kits to be assembled placed in separate bins. Both human participants are seated at the assembly area
opposite the robot, as shown in Figure 1. There are two types of tasks involved in this experiment - 1) fetching part
kits and 2) assembling part kits. The robot is capable of only fetching parts, while the human subjects assemble
the tasks. The fetching task involves inspecting the bins and transporting them to the assembly area. The setup
is intended to mimic a final assembly line in a manufacturing setting, which involves regular inspection of parts
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Fig. 12. This figure depicts the study timeline for one round.

when transported from one zone to another. This setup is designed in accordance with prior work on human-robot
collaboration on manufacturing lines [30, 31].

10.4.3 Study Session. After briefing the subjects, the experimenter picks a scheduling strategy at random for
the current trial. This strategy is maintained constant throughout the trial. Each trial consists of five rounds of
LEGO task building, and the schedule for each round is displayed to the subjects on Sawyer’s screen. There are
a total of six tasks to be completed in each schedule. The tasks in the schedule are color-coded differently for
the two subjects. Each subject is required to complete three tasks in a schedule. The complexity and thereby, the
completion times of individual tasks vary. The tasks in the first round are distributed among the subjects such that
the total task completion time for the three tasks is approximately the same (based on task completion times in the
pilot study). This task distribution is ensured to minimize the makespan, and is agnostic to the type of scheduling
strategy chosen for the trial.

After computing the schedule for the current round, Sawyer proceeds to fetch the individual tasks for the two
subjects and places them at the assembly area based on this schedule. The two subjects start each round of tasks
concurrently and time themselves for the number of seconds they take to complete each task. The experimenter
ensures that both the subjects start their respective timers together at the beginning of each round of assembly.
For the remainder of the schedule, Sawyer fetches tasks based on which subject is available. For instance, the
two participants A and B are assigned to complete tasks 1, 4, 6, and 3, 5, 2, as per the initial schedule. At the
start of the round, Sawyer brings task bins 1 and 3 to the assembly area, and the two participants start assembling
simultaneously. If subject B completes task 3 before A completes task 1, then Sawyer will fetch task 5 for B to
avoid keeping B waiting. However, the subject has to wait if he/she completes a task while Sawyer is fetching the
next task for the other teammate. This process continues until both subjects complete their three assigned tasks in
each schedule.

At the end of each round (i.e., after completing the six tasks), the subjects hand over the task completion times to
the experimenter, which are fed into Sawyer’s algorithm to update the learning curve parameters of each subject.
Sawyer then comes up with a different schedule for the next round based on the updated parameters and the
scheduling approach chosen for the current trial. Finally, Sawyer comments on whether the tasks will be swapped
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or reassigned based on the previous round task completion times. For an exploration-based update, Sawyer would
say, “We are going to try to mix it up and see how you both will perform. Here is the new schedule.” For an
exploitation-based update, Sawyer would say, “Based on the time you took in the previous round, I think this should
be the new schedule.”

The subjects participated in five rounds of LEGO building in a session, lasting for a total of about 45 minutes.
The timeline for one round of the study is depicted in Figure 12.

10.4.4 Post Study. After completing five rounds of LEGO assembly, the participants are asked to complete a
post-study questionnaire as detailed in Appendix A to assess their trust in the robot and their perceptions of team
competence and robot performance. The participants are then debriefed about the purpose of the study.

10.5 Hypotheses
The fundamental proposition for our hypotheses is that exploration-based strategies will improve team performance
and garner greater trust in the robot.

H3 Schedule Makespan Improvement: Explore-Exploit (_ = 50) will have a more considerable improvement in
schedule makespan, than pure exploitation or annealed explore-exploit. As explore-exploit accounts for the highest
entropy among all our scheduling approaches, we hypothesize that it will lead to maximum improvement in task
completion times from the first round to the final round due to extensive search over different task allocation
combinations. Schedule makespan improvement is the relative improvement in completion times of the succeeding
rounds from the first round.

H4 Robot Trust: The inclusion of some exploration in scheduling will engender greater trust. Exploration
favors different task allocations to the participants. As the subjects are exposed to varied task assignments
in exploration-based strategies, they are cognizant of which tasks they are most proficient in and thereby have
greater situational awareness about how the robot is trying to optimize their schedule. Prior studies in automation
have shown how loss of situational awareness can negatively impact trust in the system [27, 30, 36]. Hence, we
hypothesize that a better understanding of the scheduling process by subjects in exploration-based strategies will
lead to greater trust in the robot. Robot trust is assessed using a 7-point Likert scale questionnaire adapted from [39].

H5 Human-Robot Work Alliance: Perception of the team working alliance will increase in conditions with
exploration in schedule assignments. We hypothesize that exploration can lead to a greater understanding of task
allocation per subject and thereby lead to an improved human-robot working alliance. Human-robot work alliance
is calculated using a 7-point Likert scale of the working alliance questionnaire for human-robot teams from [39].

10.6 Metrics
In this section, we enlist both subjective and objective metrics used in evaluating the effectiveness of different
scheduling methodologies for human-robot collaboration.

10.6.1 Objective Metrics. We conduct five rounds of task assembly, with an equal number of tasks allocated
to the two human subject teammates in each round. We use the following objective metrics in our analysis of the
different scheduling approaches.

M1 Makespan Improvement: Makespan is the total time taken to complete one schedule. As the participants work in
parallel, and there are no task dependencies in the user study schedules, makespan is the maximum of the individual
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task completion times in each round. If 𝜏 𝑓
𝑖

represents the finish times for tasks in round k, then makespan for 𝑘𝑡ℎ

round is given as 𝑧𝑘 = max
𝜏𝑖 ∈𝜏𝑘

𝜏
𝑓

𝑖
.

The distribution of task times in the final round is dependent on both the scheduling strategy and the skill of the
subjects in the assembly task at the start of the study. To evaluate the effectiveness of the scheduling strategies while
being agnostic to the variations in the initial skill of the subjects in each session, we utilize relative improvement
in makespans from the first round as our metric. We compare with respect to the first round, as the schedules in
the first round are uniform across all strategies and are solely based on the task completion times collected from
the pilot study. The average improvement in makespan for rounds two through five with respect to the first round
makespan is considered as the makespan improvement metric and is calculated as

𝑀𝑎𝑘𝑒𝑠𝑝𝑎𝑛 𝐼𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡 =
1
4

5∑
𝑘=2

1 − 𝑧𝑘
𝑧1

(22)

M2 Subject Skill: Subject skill is a categorical variable with two levels - high and low. High skill denotes the
participant with the shorter task completion time in every trial.

M3 Subject Idle Time: Subject idle time refers to the total time a subject had to spend waiting either for their human
partner to complete assembling tasks, or for the robotic assistant Sawyer to fetch their respective after having
completed their previously allocated task.

10.6.2 Subjective Metrics. We use 7-point Likert scale surveys to measure participant’s perceptions of trust in
the robot, human-robot work alliance, team competence, and robot performance. Table 6 in the Appendix shows
the post-trial questionnaires used in the assessment of these metrics. We also report Cronbach’s 𝛼 for the internal
validity of each of the questionnaires used in our analysis.

M4 Robot Trust: Trust in robots is a measurable attitude and is best reported using self-reported psychometric tests
such as questionnaires. Robot trust is adapted from the trust questionnaire from [39].

M5 Human-Robot Working Alliance: Team fluency is crucial in determining the team’s overall efficiency in the
long run. This questionnaire measures the subject’s view of how well the subject and the robot bonded together in
achieving their overall objective. We utilize the working alliance questionnaire from [39].

M6 Perceived Team Competence: This questionnaire assesses the participant’s satisfaction in overall team
performance in each session.

M7 Perceived Robot Performance: This questionnaire measures the participant’s perception of the robot’s
commitment to the team and its overall performance in fetching relevant tasks.

M6 and M7 are adaptions of subjective metrics used in [15] for human-robot teams with multiple human teammates.

10.7 Study Results
In this section, we report the outcomes of deploying different scheduling approaches for human-robot collaboration
in our user study in terms of trust, human-robot working alliance, and changes in human subject performance. The
significance level for all our statistical analyses is set at 𝛼 = 0.05.

10.7.1 Analysis of H3 - Schedule Makespan Improvement. We first examine the effect of different strategies
on the overall improvement in makespan across different rounds. Although the distribution of tasks in the first round
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(a) Without Subject Matching (b) Without Subject Matching

(c) With Subject Matching (d) With Subject Matching

Fig. 13. This figure depicts comparisons of makespan improvement across different strategies with and without
subject matching.

is agnostic to the scheduling strategy, the distribution of task completion times varies with the subject’s familiarity
with assembling LEGOs. As the subjects are assigned at random to each scheduling approach, the task completion
times for the first round is not uniform (13a). Hence, we consider relative improvement in makespan with respect to
first-round makespan. To evaluate the improvement in the performance of subjects on the assembly task across
multiple iterations, we consider a linear model with the average improvement in makespan from rounds two through
five as the dependent variable (M1) and strategy as the independent variable. As this model fails the normality
of residuals assumption for one-way analysis of variance (ANOVA), we resort to a non-parametric test, namely
Kruskal-Wallis, for our analysis. Results from Kruskal-Wallis shows that the schedule makespan improvement is
highly significant on the type of scheduling strategy (𝜒2 = 6.668, 𝑝 = 0.00359). Post-hoc analysis with Dunn’s test
shows that both explore-exploit (_ = 50) and pure exploitation (_ = 0) are significantly different from AEE (_ = 25)
with 𝑝 = 0.0043, and 𝑝 = 0.024 respectively as shown in Figure 13b. Trends indicate that makespan improvement is
the highest for explore-exploit (_ = 50) and the least for AEE (_ = 25).

Furthermore, since the learning curves of the human subjects follow a decaying exponential (H1), the subject’s
performance in the first round can impact the rate of improvement in performance in subsequent rounds. For a more
robust assessment of the impact of the scheduling strategy on human subject performance, we perform nearest
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neighbor subject matching [71] based on makespans for the first round in R [66]. Post subject matching with
first-round makespans, we consider 27 sessions from the initial distribution (9 sessions × 3 types of strategy = 27
sessions). We note that the average first-round makespans with subject matching are almost uniform (13c). We
continue to observe maximum improvement in makespan for the explore-exploit condition (_ = 50) after subject
matching 13d. Upon performing Kruskal-Wallis post subject matching, we once again find statistical significance
for makespan and strategy(𝑝 = 0.03564). Post-hoc analysis with Dunn’s test reveals statistical significance between
explore-exploit (_ = 50) and exploit (_ = 0), explore-exploit (_ = 50) and AEE (_ = 25).

Takeaway: High entropy in the scheduling approach will lead to extensive search over task allocation combinations
before exploiting. Consequently, we observe maximum improvement in makespan for explore-exploit (_ = 50), for
conditions with and without subject matching. We postulate that the poor makespan improvement in AEE (_ = 25)
may be the effect of annealing _, as this strategy tends to exploit before exploring sufficient novel task assignments.

10.7.2 Analysis of H4 - Robot Trust. To analyze how subject’s trust in the robot varies across strategies, we
consider a linear model with trust as the dependent variable and strategy, subject skill (M2), average improvement in
makespan (M1), perceived team competence (M6) and robot performance (M7) as independent variables. We first
verified that this model satisfied the assumptions of ANOVA using Shapiro-Wilk’s test (𝑝 = 0.617) for normality of
residuals assumption and Levene’s test for homoscedasticity (𝑝 = 0.241). Upon performing one-way ANOVA, we
find that users’ trust in the robot was not significant for the strategy used.

Trends indicate that strategies with more exploration yield higher trust, but the difference in means across
strategies is not significant. Hence, we fail to reject the null hypothesis. However, trust is significantly dependent on
the perceived team competence (𝐹 (1, 90) = 10.63, 𝑝 < 0.001) and robot performance (𝐹 (1, 90) = 18.54, 𝑝 < 0.001).
This result indicates that trust in the robot depends directly on team and robot performance (Figure 14c) and robot
performance (Figure 14d) rather than the scheduling approach.

Further, we analyzed the subjective responses of each pair of users based on their comparative performance
in the assembly task. We find that the participants with longer task completion times in each session (low skill
subjects M2), report a significant difference in trust when factoring _ as the independent variable (𝐹 (2, 45) = 4.887,
𝑝 = 0.0122). We note that low skill users reported higher trust in the robot and higher perceived team competence
for strategies involving exploration (Figure 14b).

Takeaway: User’s trust in the robot is statistically significant and positively correlated with other subjective
metrics such as perceived team competence (𝑝 < 0.001), and perceived robot performance (𝑝 < 0.001). We also note
that low-skill users report higher trust in exploration-based strategies than pure exploitation, as exploration-based
strategies tend to balance out the workload after the first few iterations.

10.7.3 Analysis of H5 - Human-Robot Work Alliance. We examine the subject’s perceptions of human-robot
work alliance, by conducting ANOVA on a linear model with work-alliance (M5) as the dependent variable, and
strategy, subject skill (M2), average improvement in makespan (M1), perceived team competence (M6) and robot
performance (M7) as independent variables. We confirm that this model adheres to the assumptions of ANOVA
by Shapiro-Wilk’s Normality test (𝑝 = 0.742) and Levene’s test for homoscedasticity (𝑝 = 0.210). We obtain
statistical significance for scheduling strategy (𝐹 (1, 90) = 3.843, 𝑝 = 0.0251) after ANOVA. Post-Hoc analysis with
Tukey-HSD shows significance between explore-exploit (_ = 50) and exploit (_ = 0) strategies (𝑝 = 0.0099).
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(a) (b)

(c) (d)

Fig. 14. Human-Robot Trust Analysis. (a) shows distribution of user’s trust in the robot across scheduling strategies,
(b) shows variation in user’s trust categorized by strategy and speed, (c) and (d) represents how user’s trust varies
with subjective metrics - team competence and robot performance.

(a) (b) (c)

Fig. 15. Human-Robot Working Alliance Analysis. (a) shows the distribution of human-robot working alliance across
different scheduling strategies. (b) represents the relation between the human-robot alliance and perceived team
competence. (c) Human-robot working alliance categorized by strategy and skill.
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Takeaway: Our statistical analysis shows that participant’s perception of the human-robot work alliance favors
strategies with exploration. Results from ANOVA also indicate that work alliance between humans and the robot is
dependent on both subjective and objective metrics of team performance, i.e., perceived team competence (See
Figure 15) (𝐹 (1, 90) = 21.289, 𝑝 < 0.001) and the average improvement in makespan (𝐹 (1, 90) = 8.218, 𝑝 = 0.005).
We observe that both low-skill and high skill users’ perceptions of human-robot working alliance increases with the
exploration factor _.

11 DISCUSSION
We conducted a user study in an analogue manufacturing setting to evaluate the effect of different exploitation-based
strategies on human subject performance in an assembly task, while also assessing their perceptions of trust in the
robotic assistant and the overall working alliance of the human-robot team. Our primary objective was to show
that our coordination algorithm can improve objective and subjective team fluency by reasoning about schedule
exploration and uncertainty. Our statistical analyses indicate that strategies that favor exploration to a greater extent
lead to a significant improvement in human subject performance in terms of makespan (𝑝 = 0.01). The same
strategies also result in higher team fluency as measured by human-robot working alliance (𝑝 = 0.0035).We observe
a positive correlation between the user’s perception of trust in the robot and subjective metrics of team performance
(𝑝 < 0.001) and robot performance (𝑝 < 0.001). We also note that trust among low skill users is dependent on
_ (𝑝 = 0.012) and tend to favor exploration-based strategies. Thus we find that one should adopt a scheduling
mechanism that concurrently factors in exploration by accepting additional short-term costs to enable stronger
long-run performance. We show both in simulation and in a physical HRI study that these methods are viable for
aggregate makespan improvement, even in situations where the window of opportunity is narrow due to rapid
learning for human task proficiency.

One of the limitations of our study was that our access to analogous manufacturing tasks was limited to observing
LEGO tasks rather than people in real-world manufacturing. Additionally, fatigue is not a predominant factor in
our study, which could be a consideration for a job lasting eight or more hours per day. Finally, our study was
cross-sectional; a longitudinal study on learning effects and stochasticity in task performance for team coordination
is warranted.

In future work, we would like to consider extensions to our algorithm that consider an active evolution policy,
where candidate mutations are driven by information gain derived from the latest iteration of agent-task samples. We
could also look to generate select mutation based on demonstrations by integrating human input on re-scheduling
behavior. Such approaches could accelerate the discovery of stronger schedule candidates but must be weighted to
counter misleading positive trends in task proficiency that are a result of natural task duration variance, rather than
actual improvements via learning.

12 CONCLUSION
As advancements in robot capability progress, our machine counterparts have greater untapped opportunities to
play a larger role in a joint human-robot workforce. Our objective is to foster the integration of human-robot teams,
by enhancing the ability of the robot to explicitly reason about the capabilities of it’s teammates. Prior work on
behavioral teaming and the natural computational intractability of large-scale schedule optimization suggests that
robots can offer a valuable service by designing and adapting schedules for robot and human teammates.

In this paper, we introduced an algorithm to enable robots to balance optimizing human perception of team
working alliance with schedule efficiency by enabling exploration of candidate schedules while ensuring robustness
to temporal constraints. We base our algorithm and corresponding model on two assumptions: that human’s learn
rapidly over time, and that as a population, human task completion times fall across a normal distribution. We
validate our modeling assumptions by conducting a user study (n=18) in an analogue manufacturing environment
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where teammates assemble LEGO part kits for multiple iterations to analyze learning effects. From this user study,
we create a prior distribution over human task performance, which forms the basis of further studies in virtual and
real environments.

Through empirical evaluation, we showed our team coordination algorithm can reason about the future task
duration for each individual agent’s assignments by improving a model of that individual’s learning curve, and use
Gaussian upper-bounds to compute a fast evaluation of schedule robustness and makespan upper-bound. Combined,
these approaches enable an online evolutionary-based search that can evaluate schedules quickly and change
assignments in real-time to adapt to the needs and improve the efficacy of human-robot teams. Our simulation
results show that our methods are applicable to scenarios where humans learn rapidly, and show significant net
improvements (𝑝 < 0.001) over maintaining a myopic scheduler. In addition, we show that our methods work for
schedules with a large number of tasks and inter-task temporal constraints, where previous methods for precise
reasoning about uncertainty sets render the problem computationally intractable. Finally, results from human
subjects experiment (n=90) support scheduling strategies that are inclusive of exploration for task allocation in
human-robot teams as it engenders greater trust (among low performing individuals 𝑝 = 0.012) and team working
alliance (𝑝 < 0.001), while also generating improvements in schedule efficiency (𝑝 = 0.00359) through makespan
reduction.
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A STUDY QUESTIONNAIRE

Post-trial Questionnaire
Robot Trust (𝛼 = 0.70746)
1. The robot was trustworthy.
2. The robot and I trusted each other.
3. I trusted Sawyer’s decisions
Working alliance for human-robot teams (𝛼 = 0.8180)
4. I feel uncomfortable with the robot (reverse scale).
5. The robot and I understand each other.
6. I believe the robot likes me.
7. The robot and I respect each other.
8. I feel that the robot appreciates me.
9. The robot and I trust each other.
10. The robot worker perceives accurately what my goals are.
11. The robot worker does not understand what I am trying to accomplish.
12. The robot and I are working towards mutually agreed upon goals.
13. I find what I am doing with the robot confusing (reverse scale).
Perceived Team Competence (𝛼 = 0.7356)
14. I was satisfied by the team’s performance.
15. The team collaborated well together.
16. The task performed tasks in the least time possible.
17. The task was difficult for us to complete together (reverse scale).
18. We were efficient in completing the tasks.
Perceived Robot Performance (𝛼 = 0.8023)
19. The robot increased the productivity of the team.
20. The robot worker was necessary for the successful completion of the tasks.
21. Sawyer was team-oriented.
22. Sawyer’s performance was important for completing the tasks.

Table 6. Post trial questionnaire
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